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CALCULATION OF THE CHARACTERISTICS OF THIN ELASTIC RODS
WITH A PERIODIC STRUCTURE®

A.G. KOLPAKOV

A transfer is made from the three-dimensional theory of elasticity in a
thin rod to the problem of the theory of beams. The transfer differs
from the problems of plates discussed in /1, 2/ (see also the references
in /3/), in that the dimensions are reduced, during the passage to the
limit, by two, i.e. from three (the dimensions of the initial problem in
the theory of elasticity) to one (the dimensions of the limit problem in
the theory of beams). In /1, 2/ the dimensions change from three to
two. This leads to differences in the form of the asymptotic expansion,
in the methods for studying it and in the appearance of new types of
cellular problems.

1. Formulation of the problem. Let us consider the region . which has a periodic
structure, where the diameter of the transverse cross-section and the size of the periodicity
cell (PC) P, are of the order of &<€1! (Fig.l). When ¢~ (0, the region contracts to the
segment [—1,1]l. Let the region be occupied by elastic material whose tensor of elastic
constants will be denoted by &y (X/8) and regarded as its periodic function with PC P, The
equations of eguilibrium for this body have the form

S 0303, 5 dv + &7 S gvds =gt S fvdp (1.1)
¥

Qe 2 Qe

Vve V)= {ve H () v(x) =0 when 2z, = +1}

{the functional class X' is defined in /4/). Here o;; are local stresses connected with the

local displacements u & V({Q,) by Hooke's law
0 = &0y (%/8) ux, (1.2)

Note 1. The presence of a multiplier e~ in Hooke's law is connected with the known
estimate of the order of the moments of inertia /5/. In the case of plates in the same
situation, the order was taken into account in /1/ by introducing the multiplier e

Note 2. The power indices a and b in {1.1) take into account the orders of the volume
and surface forces, and their values will be chosen later.

2. Asymptotic expansions. We shall seek a formal asymptotic expansion in the form

u=u®(z,) & eu® (2, 9} F ... = 3 eFul®) (2.1
K=o

v vO {z) Fevilz, y) ... = 2 efvi®
K==

-
oy = e~V (21, y) + %65V (2py) .. = Ej“osy"
===

where z;={~1, 1] is the slow variable and y == x/¢ the fast variable /6/. The functions
appearing in the expansion (2.1) are assumed to be periodic in y,, with PC P, = ¢1P,. Dif-
ferentiation operators for the functions of the arguments ;, ¥ have the form /6/

9 8 .49 8 . —2.3
o T T Ty w7 ey, @ +3) 2.2)
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In what follows, we shall use Greek letters to denote the indices which take the values
2 and 3, and Latin letters for indices which take the values 1, 2, 3.

Let us now change from problem (1.1) in the variable (depending on & region Q,, to
the problem in a fixed region. To do this we make the following change of variables:

Ty 2y, o> Yo = &2 (@ =2, J) (2.3

transforming the €, to the region €, of fixed size. The same statement applies to the side
surface ,, i.e. to the surface I.. After the change of variable (2.3) and after writing
the derivatives for the functions of the arguments z;,y in the form (2.2), Eg.(1.1) becomes

v, v,
g2 DS (Uije_lwv; + o, a_:) dv + g2 rS gvds = g»? QS fvde (2.4)

and Vv & V (2), where the functional class V (Q,) is defined in the same manner as V (€2).
In Egs.(1.1) and (2.4) dv, ds are the measures on the corresponding sets and in the
corresponding variables.
In the variables y = x/e, the PC P, 'becomes P, = ¢lP, = {y = x/e: x =P,}. 1In what

follows, we shall use (- =m‘15 -dy averaged over PC and the known dependence of the
Py

integrals on the functions periodic in y = x/e, with the integral of their mean (see e.g.
/1/)

1

lim ng few xfe)dx = § ¢ (2y) dey

s -

Let us substitute the expansion (2.1) into (2.4). We obtain
2, > et S (em+eHigi ) 4 emka{hAR) y dpy 4 D) g2re S efgvin ds = (2.5)
k=0 m=—a ©, k=0 T

o0

) e2ed S ekfvm do

k=0 Q

Here and henceforth jy will denote 4/dy; and lx is 0/0z,. Substituting the expansion
(2.1) into Hooke's law (1.2) and equating terms of like powers in &, we obtain

07" = @i () ulTI + @y (y) ™52 (2.6)
Here and henceforth m = —4, =3, ..., k=0,1,....

3. Derivation of the system of equations of the theory of beams. We shall next discuss
problem (2.5) for various values of m, k and for a suitable choice of the test function v.

1°. Putting %k =0 we obtain, respectively, v =v® (z;) and v;;, = 0. As a result we
obtain from (2.5), for this case,

0

oo
D e S "o, dv + ette S gvids = D) g2 S fvo dv

m=—4 & Ty m=—4 Q

Equating in this expression terms of like powers of & we obtain, taking into account
the remark concerning the mean values,
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(Wi =0 (m = —4) (3.1)
i =0 (m = =3
O 0 = gy + () (m = —2)

Here we have put a = b = —2. We denote by {Hy=m1 S -ds the PC P; (Fig.2) averaged
v

over the side surface V.
When m > —2, the powers in the equations given above are positive.
2°, Let us put in (2.5) %k =1,. and take the test function in the form

v =D (z, y) = yv; (£,) + yaVs (T) (3.2)
With this choice of k and v relation (2.5) will become

2 e*QS [e™0t]” (v3:Ba; -+ v3:835) + &™10H (ygvas, 1z + Ysvatzae)] dv + (3.3)
m=—4 1

oo

I‘S g (Y22 + ysvs) dy = 2 S f(yava + yyvs) dv

m=—4 0,

Let us bring into our discussion the quantities M = <ya0§1"”>, which can be regarded
in the mechanical sense, as moments /1/. Taking into account the remarks about the mean
values and equating terms of like non-positive powers, we obtain

Koz =0 (@ =2,3) (m=—4) (3.4
~Mhe + (0™ =0 (@ =2,3) (m=—3)
— MG+ OG> = Cgady + i) (m=—2) (@=2,3) (3.5)

When m > —2, the powers of ¢ in (3.3) are positive.
3°, Let us write k=1, m = —4 and take the test function in the form v =v®(y),

periodic in y,. with the PC P;. In this case vg)m = (. Under these conditions we obtain,

from (2.5),
iy = 0 ang 0¥ n;=0 on I, (3.6)

where n(y) 1is the normal to side surface I; of the region ;. Let us use relation (2.6)

with m = —4. Substituting, in accordance with relations shows, oﬁ}‘” into (3.6), we obtain
1
(@igmt (¥) k) -+ @ijp1 (9) w1 (2).3y = O (3.7)
with boundary condition
(@30 (¥) ukty + @iz (7)1 (22)) 7y (3) = O (3.8)

and the condition that u® (y) is periodic in y, with PC P;.

We draw attention to the replacement made here (in order to make further entries clearer)
of the summation index (the index p).

Egs.(3.7) and (3.8) lead to the cellular problem (CP). As we known, /1, 2, 6, 7/, the
CP plays a fundamental role in determining the mechanical characteristics of materials and
constructions with a periodic structure. Let us introduce the functions X! (y) as the
solution of the "first CP theory of beams™:

(@i (N X 1 + 2y W)y =0 in Py (3.9)

(@i (¥) X}(’.’ y+ @i )n; = 0 on v

X? (y) is periodic in y, with PC P, (Fig.2).
Comparing problem (3.7), (3.8) with the PC (3.9), we obtain the relation (compare with

/1/)
u® = X" (x/e) up) 1z (1) + V (21) (3.10)
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Note 3. Some of the functions X' can be calculated explicitly, namely
X (y) = =8yt (2 =2, 8) (3.14)

Verification. a;;uXi%y, = —aype - Gijex = O (the latter with the symmetry of elastic con-
stants tensor taken into account /5/).

The functions XY (y) (p =1, 2, 3) are particular solutions of CP (3.9) for various values
of the index p. The homogeneous problem corresponding to (3.9) (the problem is obtained by
putting ayp, (¥) = 0) in (3.9)), has the solution X = {0, ¥, —yy) ¢ (z;) where ¢({z) 1is an
arbitrary (so far) function of the argument Z;. We note that in case of the problems with
the variables y the functions of the argument g, are regarded as constants.

Verification. @ipaXw 1y = © (@) (@25 — @ija) (the latter by virtue of &ym = aiyn /5/).
From (3.10) and (3.11) we obtain the following expressions (written in coordinate form?:

w® = X () uf’ie (@) — Yaullae () + Vi @) @3.12)
ug® = Xpit (y) ™, -+ Vg (=) + Ygss® (1)

" 3 when P=2, 5,=0, s=1, 55=-—1
(@ p=23), B= {2 when B —3,
Substituting (3.12) into {2.6) we obtain,when m = —4&,
Ol = sy () s (1) F @igia (9) X 1y (9) )iz (22) + @55 () 559 (27) (3.13)

Integrating this expression over the PC P, {taking into account the fact that u®, ¢ is
independent of ¥}, we obtain

o5y = Caum () + @ainr (9) X5, 1 (9D w1 + <@ype5d 520 (3.14)
Let us put j=1 _in (3.14). Since the material of the beam is isotropic, it follows
that Gypg = 0 wyhen BB = 23,32, and therefore the coefficient of ¢ in (3.14) is equal to
zero {(i.e. @ does not, in fact, appear in {(3.14)). Then Eq.{3.1) when m = —1 will yield
(Cainy + @ X ) ulPix @)1 = 0 (3.15)

From the boundary condition u(x) =0 at 2, =341 and the asymptotic expansion (2.1),
it follows that 4, (4-1) = 0. Eqg.(3.15) with the above boundary condition (3.12) takes the

form 0 = —gau®se (5) + Vs (=) (3.16)
u) = Vy (@) + spyge (2) (@, B =2, 3)
4°, Let us now take =1, m=—3 and v =v(y). By analogy with 3° we have, for this
caser oY, =0and o ny=0 on Iy (3.17)
When m = -3, Eq.(2.6) yields
o5 = a0 () uliy + i () ulsy {3.18).

Substituting into (3.18) the expression for u¥ (3.16) we obtain, taking into account
(3.17),

(@330 (9) U821y + ages () Vi, 12 (€0) = Qg (¥) Yot 11 (1) + (3.19)
Aizp1 (¥) $¥39.12 (1)) 5y = 0 in O
(et (N Sy + ijir (V) Vi, 12 (23) = Biypa () Yot 11 (23) + (3.20y

aisp1 (¥) 5p¥Q.12 (T)) 7y =0 on Ty

and the condition that the function u® (z;, ¥) is periodic in y, with PC 2y,
In order to obtain the solution of the problem (3.19), (3.20), we introduce the functions
X2 (y) , which represent the solution of the following "second PC theory of beams of the first
type"
(@it () X3ty — 3521 (V) Ya)gy =0 in Py (3.2

(i (V) X'y — @iy (3) Ya) ;=0 On . ¥

X2 (y) is periodic in y; with PC P,, and the function X3(y) represents the solution of
the “second PC theory of beams of the second type”

(@40 (¥) Xiow+ a1 () sﬂyﬁ),lv =0 inp 3.2
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on ¥

(@ipee (¥) Xk, 31 + @igps ()spygin; =0

X3 (y)

Note 4.
and is connected with torsion of the rod (beam)
Taking into account relations (3.9) and (3.21), we obtain
u® = X" (9) Vi, 12 (1) + X2 (9 u) 1a1e (21) + X3 (y) @ (1)
in the following coordinate

is periodic in y,, with PC P
The problem of the second type has no analogue in the theory of plates /1, &/,

(3.23)

Taking into account Note 3, we can rewrite relations (3.23)
form:
1@ = X () Vise (21) ~ YaVa,1e (1) + X0 () ul 1) (27) + (3.24)
X3 ()9, 1= (1)
= Xp () Vi 1x (#1) + X5* () ul100e (@) + Xp* (9) 9, = (7)) (@, B =2,3)
Substituting (3.24) into (2.6) for m = —3 and collecting terms, we obtain
057” = (@1 (¥) + Qiper () X 1y (9) Vi, 1 (1) - (3.25)
; 1y (¥) @.1x (a1)

(— @321 (¥) Yo + Bijia (¥) X571y (9) ) 1e1e (21) + @i (y) X3,
Remembering that the functions V, u® are

Let us now integrate Eq.(3.25) over the PC P
see (2.1) and (3.10), we obtain
(3.26)

(-3 11
(Y = {ay + @i Xhs ) Ur1e +

independent of Yy,
20 (0) 3

{—aimlYe + i Xiow) de) 11 + @i Xk, 1) Oz
=1,

and integrating over PC P, we obtain, for j
(3.27)

Multiplying both sides of Eq.(3.25) by yp
= (g (@in F GawXK 1)) Va1 + Wp (— dun¥o T GanXi)) 481+

MEP = ; ;
(YpBant X%, ) 912
From (3.5) we obtain, for m = —3, i = 1,
MGV + oD = {gyudy + Fiyad (3.28)
and from (3.1) we have for m= —2, i =«
(x=2,3) (3.29)

O 1x = CBady + {fa
A = (@ + aauXi, o) (3.30)
Aty = {—aynYo + Xty

Let us write

T4 = (Yp (@i + aule}rl, 1)
+ g XE )
(¢, p=2,3)

Aéﬁi = —{Yp (— i1l

3 1 3
i =X, ) B = YptunXr, w)
represent the elastic characteristics of

We shall see later that the quantities (3.30)
the beam.

Let us consider Eq.(3.5) for m = —3,i= P (B = 2, 3). We have for this case M +
oty = (gpyady + {r¥ad- Also, by definltlon M) = (yuot). As a rule, in mechanics we con-
sider not ][r/ » but the quantity = (0”’>sf>yr> which represents the torsional moment.
Since (of] er!/) = MG — MEY, we obtaln

M 12 = {8oYady — Bal¥2dv T {fol¥ad — I3y (3.31)
Here we have used the relation <(o5”)= <0%”), which follows from the fact that o =
o /5/.

4. Limit problem. Let us collect together all relations obtained above (with the source

of each relation quoted on the left-hand side of the relation)
(3.26), t=j=1r (ohi™" =4V 12— Alatd 1012 + B1y°¢u1x (4.
Ba), i=j=1,m=—3 (=0 (4.
f=1r MG =14pV1 10— dopt) vz + Bhi®.as (4.:

(3.27),
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(3.28), — zéa%’uft»<s;4~>=<g,ya>y+ Saved (4.%)
(3.29), <opax = {gpdy + > (4.3)

(3.27), Pi=23,32,m=—3: M=(4yp3—"43) V11—
(Adsr — Alag) ud 115 + (Bgs® — By!) ®.1x
(3.31), M 1x = {ga¥adv— &s¥2Dy + {fata) — Fa¥zd (4.7)
e, =2, 3)

The resulting limit system represents a problem in the theory of beams. Here Vi is
the axial deformation, u¥,.x are the curvatures and ¢ is the angle of torsion. The relations
(4.2), (4.4), {4.5) and (4.7) represent the equations of equilibrium, and (4.1), (4.3) and
(4.6) the defining relations of the beam. The coefficients of the latter are found from the
solution of CP (3.9), (3.21) and (3.22) representing three-dimensional problems of the theory
of elasticity with boundary conditions of special type.

Let us consider the boundary conditions. From the asymptotic expansion {2.1) and boundary
condition u(x)=( we have, for gz = 11,

u® (1) =0, u® (=1, ¥) = 0 (4.8)
Substituting expressions (3.16) into (4.8), we obtain
— et (D) F V() =0, Tp(= 1)+ spy9 (2=1) =0
for all  y,, y, (= 2,3), and from this it follows that

Vi) = 0, u,® (1) = 0, ul)ys (1) = 0, ¢ (=1) = 0 4.9)
{a =2, 3)

Relations (4.9) represent the covering set of boundary conditions for problem (4.1)-(4.7).

5. Example. A cylindriecal rod. First CP. Let the region Q, be a cylinder i—1i.1] X S, and
let the elastic constants of the material ey {y) depend only on the variable ¥=¥: {but not
on yJ. In this case the first local problem will have a solution of the type

Xy =0, X () = Xg {ya, ), (B=2, 3 (5.1)

It is clear that the functions (5.1) are periodic in ¥ on PC P, Substituting (5.1)
into (3.9), we obtain a two-dimensional problem in terms of the functions
in s, (5.2}

1

(@upsa Xyt s T tapadp = O
(anp0 X s + Gugu) gt =0 on a8,
(. B, y.8=23), 8 =¢S5,

where (n! is the outer normal to 0S5,). Moreover, if the material of the beam is homogeneous,
the solution of problem (5.2) can be found in explicit form Xg" = Wuy; (no summation over B).
The constants {Wy} are found by substituting the above expression into (5.2), and in terms
of the Lame constants A, p /5/ they are W= W, = 1/2{L+ 2u).

The tensile stiffness of the rod will, in this case, be egual to

(3% £ 2mp

A = =y Jop mes S,

where mesS, 1s the area of §, (the area of transverse cross-section of the rod).
Second CP of the first type. We shall seek the solution of (3.21) in the form
W =0 XPW =X (@h=23)
It is clear that the function is periodic in y,. The equation from (3.21) for this
function (at i= 1) takes the form
(@it = Sy jba)jy = (G100 X5 — Gyppa¥ia)ig = 0

The last equation holds for isotropic materials /5/ by virtue of s =0, a5, =90 when
B. v, 8=2,3 The first relation from the boundary conditions (3.21) also holds (it should be
noted that the first coordinate of the normal to ¥, in the case in gquestion, is egqual to
zero}. As a result we obtain the following two-dimensional problem:

(azﬁvb Xff‘lb - azf‘llya)’ﬁ —¢ in 8y (5.3}

(2,008 X%’f‘o e ¥e)ngt =0 On 8§,
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The flexural stiffness of the beam is given by the expression
Apn = g Oyl — By X0 (4B v =2,3)
In particular, the flexural stiffness in the plane Oniz is
2 g 2 ¢ 2 - o
ALy = e — Gty XS (3= 203 (5.4)

The first term on the right-hand side of relation (5.4) represents the flexural stiffness
of the beam calculated in accordance with engineering theory /5/. We see that the second term
on the right-hand side of (5.4) is, in general, non-zero (since X% (. yJ=10 1is not, in the
general case, a solution of problem (5.3}).

Second CP of the second type. We shall seek a solution of problem (3.22) in the form
X3(y) = X0 (g ah X () =0 (Bo=2.3) (5.5)

The periodicity of the function (5.5) in y, is obvious. Substituting relations (5.5)
into (3.22), we obtain
(i00y XT3 = Bim215893) 0 (5.6)

Since gy =0, ¢y =0 when 8, B y=23 for isotropic materials, it follows that there
remains, from {5.6), only a single non-trivial equation {when i:==1) for X, (m w):
CT aep15p¥E) e =0 in &,
Remembering that in this case n, = 0, we obtain the corresponding boundary condition

3 - N
(@013 X 1y = g spy) ngt =0 O 05

Note 5. 1In the case of frameworks and similar, highly porous constructions, we can use
the method from /9~13/ to solve the CP.

6. On the validation of the asymptotic expressions. Using the technique of constructing
the asymptotic formulas analogous to that used in /1/, we can validate the results in the same
manner as in /1/. Let us introduce, in the region 9, the function (the normalized displacement

field)

(2= e?uy(z) when =1,
! BRUAG when 1 =2,3, z== (21,50 1) =

where (. #2. ;) is the solution of problem {(1.1), {1.2) in the variables z, and consider the
asymptotic expression for the displacement field (2.1) with an accuracy up to terms of order ::

I0~%s(rl——:aughx)~-<..wheni::l

zzv(z):l [GRY
1

P A wheni==2,3

Let us introduce the normal displacement field corresponding to (6.1)

ety =1 — y«u;o,) ix

o) when - |
i{z) =
Iuﬁ") when i:=:2,3

Proposition. ' —U is weak in 1{Q) as e—0.

The proof is obtained by reproducing (with the technical corrections arising from changing
the dimensions of the problem from three to one and not from three to two as in /1/) the
arguments of Sect.3 (a priori estimates) and 6.3 (proof of the convergence) of /1/.

Note 6. The proposition leads to the assertion on convergence, without taking into
account the torsion (the terms corresponding to torsion of the rod are of higher order than
those corresponding to normal flexures). The validation of the asymptotic formulas taking the
torsion into account (e.g. when «{”:=0) is not the same as in /1/ (since there is no torsion
in the plates discussed in /1/).

Note 7. For a cylindrical rod of coaxial construction the problem was studied in detail
in /14/. The asymptotic formulas given above for these rods are identical with those used in

/14/.
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